Simulare con Matcont

1 Modello di Lorenz (1963) &
Sia dato il sistema di equazioni differenziali

x=0ly —x)
y=px—xz—y
z=xy— Bz

dove 0=10, p=28e 8=17/3.

Si simuli con Matcont I’andamento del sistema a partire dalla condizione iniziale x(0) =0, y(0) = 1 e z(0) = 0.
Si verifichi la dipendenza sensibile alle condizioni iniziali del comportamento ottenuto.

Si caratterizzi infine I’attrattore mediante una sua sezione di Poincaré e se ne calcoli il suo primo esponente di

Liapunov.
NOTA: La classica forma a “farfalla” dell’attrattore di Lorenz pud essere visualizzata nello spazio (wi, wz) dove
wp=xXx—-Yy e Wy = Z.

2 Modello di Lorenz (1984) @
Sia dato il sistema di equazioni differenziali

x=y?+z>+ax—aF
y=—-xy+bxz+y—G
z=—-bxy—xz+z

dovea=0.25b=4,F=2eG=1.67.

Si simuli con Matcont I’andamento del sistema a partire dalla condizione iniziale x(0) = 1, y(0) = 0 e
z(0) = 0.5. Si caratterizzi infine I’attrattore mediante una sua sezione di Poincaré e se ne calcoli il suo primo
esponente di Liapunov.

3 Modello preda-predatore-superpredatore
Sia dato il sistema di equazioni differenziali che caratterizza la dinamica di una catena alimentare a tre livelli
trofici

. (1 x1) ai X1

Xy =TXx - ) —-—x

1 1 K by + x; 2
1 1
i = e a1Xq X az X
2 =6 2~

by + x4 by + x5

X =8 ﬂx — MsyXx
3 3b2+x2 3 3X3

X3 —MyX,

dove x, € la densita di prede, X, la densita di predatori e x, la densita di superpredatori.
Si assumano i seguenti valori per i parametri:

r=15 K=1
a; = 7/3 bl =1/3 a, =0.05 bz =05
m, = 0.4 m3 =0.01 e2=1 es=1

Utilizzando Matcont si simuli I’andamento del sistema. Si noti come |’attrattore sia di tipo caotico: lo si
caratterizzi quindi mediante una sua sezione di Poincaré e se ne calcoli il suo primo esponente di Liapunov.
Come diventa la dinamica del sistema se b, = 0.46 ?

Determinare infine set parametrici in corrispondenza dei quali il sistema tende verso la coesistenza ciclica o
stazionaria delle tre specie, la coesistenza ciclica o stazionaria di preda e predatore con estinzione del
superpredatore, la presenza della sola preda con estinzione sia del predatore che del superpredatore.

NOTE
Per mostrare le sezioni di Poincaré e per calcolare gli esponenti di Liapunov si faccia riferimento ai file allegati all’esercitazione.

@ 11 modello di Lorenz nasce nel 1963 da alcune semplificazioni delle equazioni di Navier-Stokes sulla descrizione del comportamento
dinamico di uno strato di fluido che presenta moti convettivi a causa di una differenza di temperatura.

@) 11 modello di Lorenz formulato nel 1984 & un modello semplificato di circolazione atmosferica globale.
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poincare lorenz.m

y0=[-0.6;-0.6;17]; ~>Stafo iniziolo_ : :
odefun = @(t,x) fun eval(t,x,10,28,2.33333); Hﬁurf‘q‘iﬂh' O Qﬁu&i@b‘-ﬂ‘

event = @(t,x) poincare section(t,x); | @’Lj_ (ﬁéjgjo'-,ua Crazf v
tspan = [0, 40001; - fufesvalle di oot

Sy lay ot
¥ [@m fgﬂ ',00__ I v Yovavn e -%4«( nos-

T,Y,TE,YE,IE] = poincare_map (odefun, event, tspan,y0); }Dwﬂhﬁf‘-ﬁ— b e
3 PN Lo Ot 10

¥ 1 ] .
oleh oy ofHf & ’&7 rdi_clp o i Poimcolre”

' - L] oy -
plot (YE(:,2),YE(:,3),"."); b P«C’m della. seavouos-

poincare map.m (oleoln. la v A W QAT nnes nro.
- - P A eyt AL oneen
function [T,Y,TE,YE,IE] = poincare map (odefun,event, tspan,y0)
tO0=tspan(l);
tl=tspan(2):;
options=[];
[T,Y] = ode45(odefun, [t0,t1/10],vy0,0ptions); % Leave the transient
=4 options=odeset ('Events',event);
(T,Y,TE,YE,IE] = oded45(odefun, [t1/10,t1l],Y(end,:),options);
end

fun eval.m 254, o soko - A ? 2o Mcons”
2 / / )

function dydt = fun eval (t, kmrgd,sigma, rho,beta) 6{1 re’”gm—mﬂﬁe’g v

dydt=[sigma* (kmrgd (2) -kmrgd (1)) ;

rho*kmrgd (1) -kmrgd (1) *kmrgd (3) ~kmrgd(2) ;

kmrgd (1) *kmrgd (2) -beta*kmrgd(3);];

end

poincare section.m

function [value,isterminal,direction]=poincare section (t,x)
value=x(1)-1.5;
isterminal=0; T o -

direction=1; ¢ Es{nee  ( punl /&f/w o Uneo 53 atean bosinoi ::.)ﬂ._ﬁ__
end :
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Liapunov_primo esponente.m

y0=[-0.6;-0.6;17] ; v» stol 1ari tiole » B s ]
odefun = @(t,x) fun_eval(t,x,10,28,2.33333);| , JynaTow & feswOten &4
jac = @(t,x) Jjacobian(t,x,10,28,2.33333) { MM O D ezl it r_\&(f’;.ﬁ,ﬁ ¢
tspan = [0, 1000];

&L?;,Jm Coﬂf ﬂ-Y(Fﬁ':ﬁ’{%,, AR P

Texp, Lexp]=lexp (cdefun, jac, tspan, y0);
exp(:,length(Lexp)) .

aP

[
L

jacobian.m — &Ag E&é,/?ﬁigyxr*- »
Actue r/u%ﬁ/) L
function jac = Jjaccbian(t, kmrgd, sigma, rho, beta)
jac=[ -sigma , sigma , 0 ; rho - kmrgd(3) , -1, -kmrgd(l) ; kmrgd(2) , kmrgd(1)
, —beta ];
end

lexp.m

function [Texp,lexp]=lexp(cdefun, jacobian, tspan, y0)
stept=0.2;

ioutp=100;

nl=length(y0); n2=nl*(nl+l);

nit = round(diff(tspan)/stept); % Number
2 Memory allocation

y=zeros{nz,1l); cum=zeros(nl,1l);
Lexp=zeros(nl,nit); Texp=zeros(l,nit);

% Initial wvalues

rhs_ext=@(t,x)

[odefun (t,x) ;reshape (jacobian (t,x) *reshape (x (nl+1:n2),nl,nl),n2-nl1,1)];
y=[vy0(:) ;reshape(eye(nl),nl~2,1)];

t=tspan(1l);

% Main loop

for ITERLYAP=1:nit

O
B
0]
i
(X
ie}
w

[T,Y] = oded45(rhs_ext, [t t+stept],y); % Solutuion of extended ODE system
t=t+stept; y=Y(size(¥,1),:); % Take the last computed point
[Q,R]=gr (reshape(y (nl+l:n2),nl,nl)); % Construct new crthonormal basis

y{nl+l:n2)=0(:);

cum=cum+log (abs (diag(R))); % Compute lyapunov cocefficient
lp=cum/ (t-tspan(l)); % normalize exponent
Lexp (:, ITERLYAP)=1p; Texp (ITERLYAP)=t;

if (mod (ITERLYAP,ioutp)==
fprintf ('t=%6.4f ',t); fprintf('%10.6f ',1p); fprintf('\n');
end

end

figure, plot (Texp,Lexp)

end
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poincare toro.m

clear all; close all;

y0=[1.2;-0.14;0.17];
odefun = @(t,x) fun eval(t,x,0.25,4,2,1.67);

event = @(t,x) poincare section(t,x);
tspan = [0,1000];
[T,Y,TE,YE,IE] = poincare_map (odefun,event,tspan,y0);
figure;
plokt (YE(:, 1) ,YE(z,.3),".");
poincare map.m
function [T,Y,TE,YE,IE] = poincare map (odefun,event,tspan,y0)

tO0=tspan(l):;

tl=tspan(2);

options—[],

[T,Y] = oded5 (odefun, [tO tl],vyo0, optlons) % Leave the transient
options=odeset ('Events',event, 'RelTol',le-3, 'AbsTol',le-6);
[T,Y,TE,YE,IE] = oded5(odefun, [t0,tl], Y(end 1) ,options);

end

fun eval.m

function dydt = fun eval (t,kmrgd,a,b,F,G)

dydt=[ kmrgd(2)"2 + kmrgd(3)"2 + a*kmrgd(l) - a*F;

- kmrgd(1l) *kmrgd(2) + b*kmrgd(1l)*kmrgd(3) + kmrgd(2) - G;
- b*kmrgd(l) *kmrgd(2) - kmrgd(l)*kmrgd(3) + kmrgd(3);]:
end

poincare section.m

function [value,isterminal,direction]=poincare section(t,x)
value=x(2)-0;

isterminal=0;

direction=1;

end




Liapunov_primo esponente.m

clear all; close all;

yO0=[1.2;-0.14;0.17]:

odefun = @(t,x) fun eval(t,x,0.25,4,2,1.67);
jac = @(t,x) jaccbian(t,x,0.25,4,2,1.67)
tspan = [0,4000];

(=15
o\

[Texp, Lexpl=lexp (odefun, jac, tspan, v0) ;
Lexp (:,length (Lexp))

jacobian.m

function jac = jacobian(t, kmrgd,a,b,F,G)

jac=[ a , 2*kmrgd(2) , 2*kmrgd(3) ; b*kmrgd(3) - kmrgd(2) , 1 - kmrgd(1l) ,
b*kmrgd (1) ; - kmrgd(3) - b*kmrgd(2) , -b*kmrgd(l) , 1 - kmrgd(l) ];

end

lexp.m

function [Texp,Lexpl=lexp(odefun, jacobian,tspan,y0)
stept=0.2;

ioutp=100;

nl=length(y0); n2=nl* (nl+l);

nit = round(diff (tspan)/stept); % N
% Memory allocation

v=zeros (n2,1l); cum=zeros(nl,1l):;
Lexp=zeros(nl,nit); Texp=zeros(l,nit);

% Initial wvalues

rhs ext=@(t, x)

[odefun (t,x) ;reshape(jacobian(t,x) *reshape (x(nl+l:n2),nl,nl),n2-nl,1)];
y=[y0 (:);reshape(eye(nl),nl”2,1)];

t=tspan(1l);

% Main loop

for ITERLYAP=1:nit

[T, Y] = oded5(rhs ext, [t t+stept],y); % Solutuion of extended ODE system
t=t+stept; y=Y(size(Y,1l),:); % Take the last computed point

[Q,R]=gr (reshape(y(nl+l:n2),nl,nl}); % Construct new orthonormal basis
y(nl+l:n2)=0Q(:);

cum=cum+log (abs (diag(R))); % Compute lyapuncv coefficient

lp=cum/ (t-tspan(l)); % normalize exponent

Lexp (:, ITERLYAP)=1p; Texp(ITERLYAP)=t;

if (mod (ITERLYAP, icutp)==0)

fprintf ('t=%6.4f ',t); fprintf('%10.6f ',lp): fprintf('\n");

end

end

figure, plot(Texp,Lexp)
end
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poincare_rmca3.m

clear all; close alli;

y0=[0.5;0.8;10];
odefun = @(t,x) fun_eval(t,x,1.5,1,2.3333,0.3333,0-05,0.5,1,1,0.4,0.0l);

event = @(t,x) poincare section(t,x);
tspan = [0, 200000];

%%
[T: Y +TE;YE,IE] = poincaregmap(odefun,event,tspan,yO);

figure;
plot (Y (:,3),¥(:,2));
figure;
plot (YE(:,1),YE(:,2),".");
poincare map.m
function [T,Y,TE,YE,IE] = poincare_map(odefun,event,tspan,yO)

tO0=tspan(l);

tl=tspan(2);

options=[];

[T,Y] = oded5 (odefun, [t0,t1/10],y0,0options); % Leave ths transiant
options:odeset(‘Events‘,event);

[T, Y, TE, ¥R, IE] = oded5 (odefun, [t0,t1l],Y(end, :),cptions);

end

fun eval.m

function dydt = fun_eval(t,kmrgd,r,k,al,bl,aQ,bZ,e2,93,m2,m3)
dydt=[ r*kmrgd(1)*(l-kmrgd(1l)/k) - al*kmrgd(1l)*kmrgd(2)/ (bl+kmrgd(1));
e2*al*kmrgd(l)*kmrqd(Z)/(bl+kmrgd(l)) - a2*kmrgd(2) *kmrgd (3) / (b2+kmrgd (2)) -
m2*kmrgd (2) ;
eB*aZ*kmrgd(Z)*kmrgd(S)/(b2+kmrgd(2)) - m3*kmrgd(3);];
end

poincare section.m

function [value,isterminal,direction]=poincare_section(t,x)
value=x(3)-15;

isterminal=0;

direction=1;

end




Liapunov_primo_esponente.m

clear all; close all;

y0=[0.5;0.8;10];

odefun = @(t, x) fun_eval(t,x,l.S,1,2.3333,0.3333,0.05,0.5,1,1,0.4,0.01);
jac = @(t,x) jacobian(t,x,1.5,1,2.3333,0.3333,0.05,0.5,1,1,0.4,0.01)
tspan = [0, 5000];

[Texp, Lexpl=lexp (odefun, jac, tspan, y0);

Lexp (:,length (Lexp) )

jacobian.m

function jac = jacobian(t, kmrgd, r, k,al,bl,a2,b2,e2,e3,m2,m3)
jac=[ (al*kmrgd (1) *kmrgd(2))/ (bl + kmrgd(1l))"2 - (r*kmrgd(l)) y/k -
(al*kmrgd(2))/ (bl + kmrgd(l)) - r* (kmrgd(1l)/k - 1) - (al*kmrgd

’ )/ (b1l +
kmrgd (1)) , 0 ; (al*e2*kmrgd(2))/ (bl + kmrgd(l)) - (al*eZ*kmrgd
(

(1)

(1) *kmrgd(2))/ (bl

)/ (b2 + kmrgd(2))
- m2 + (a2*kmrgd(2) *kmrgd(3))/ (b2 + kmrgd(2))”2 , -(a2*kmrgd(2))/(

3))

+ kmrgd(1l))}"2 , (al*e2*kmrgd (1)) / (bl + kmrgd(l)) - (a2*kmrgd(3)

b2 + kmrgd(2))
; 0, (a2*e3*kmrgd(3))/(b2 + kmrgd(2)) - (a2*93*kmrgd(2)*kmrgd( Ll + ¢
kmrgd (2))"2 , (a2*e3*kmrgd (2)) /(b2 + kmrgd(2)) - m3 ];

end

lexp.m

function [Texp,Lexpl=lexp (odefun,jacobian,tspan,y0)

stept=0.2;

ioutp=100;

nl=length(y0); n2=nl*(nl+l);

nit = round(diff (tspan)/stept); % Number of steps

% Memory allocation

y=zeros(nz,1}; cum=zeros (nl,1);

Lexp=zeros (nl,nit); Texp=zeros (1,nit);

% Irnitial values

rhs_ext=@(t,x)
[odefun(t,x);reshape(jacobian{t,x)*reshape(x(n1+1:n2),nl,nl),nz—nl,l)];
y=[y0(:);reshape(eye(n1),nl“2,1)};

t=tspan(l);

% Main loop

for ITERLYAP=1l:nit

[T,Y] = ode4d5(rhs_ext, [t t+stept],y); % Solutuion of extended ODE system
t=t+stept; y=Y(size(Y,1),:)’ % Take the last computed point

[Q,R]=gr (reshape (y (nl+l:n2),nl,nl)); % Construct new orthoncrmal basis
y(nl+1l:n2)=Q(:);

cum=cum+log (abs (diag(R))); % Compute lyapunov coefficient

lp=cum/ (t-tspan(l)); % normalize exponent

Lexp (:,ITERLYAP)=1p; Texp (ITERLYAP) =t;

if (mod (ITERLYAP, ioutp)==0)

fprintf('t=%6.4f ',t); fprintf ('%10.6f ',1p); fprintf('\n');

end

end

figure, plot(Texp,Lexp)

end
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