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Problem 1 - 4 points

Given the system P
f(z1)

T = f(.'l)l) —x9+1
—pT1 + T2 M X,
I L

with positive parameter p and function f(z;) shown in the figure (note that f”(z1) > 0 for any z,), answer the following

T

YES/NO questions, justifying your answers within the provided spaces (Suggestion: use graphical methods).

Do transcritical bifurcations occur? Answer: W D

Justification: Tl AMdJLy s%c a# He MAUQ(A/Mj show ‘H«dj_ the S%S""EW\ Conn lf\m
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Do saddle-node bifurcations occur? Answer: Yﬁ S

Justification: Skovm b'ﬂ Hl. '\M/UC(AMS

Do pitchfork bifurcations occur? Answer: [\ O

Justification: 'HLN. ¢q,vw\,o'}' b—( 5 @%m\w‘fir J?Au C:,e,e f.r;d\ Pq, w+ )

Do Hopf bifurcations occur? Answer: N O
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Problem 2 - 6 points

Given the system

T = .’1:1(:1:% - .’L‘g - 1)

.’L‘z(.’L'g + 31‘% - 1)

Il

Zg
show, by means of a Lyapunov function, that the origin of the state space is an asymptotically stable equilibrium and

determine a region within its basin of attraction. Then, using the same Lyapunov function, show that the origin is not

globally stable.
Solution
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Problem 3 - 3 points

Underline the (only one) statement that holds true, without giving any explanation.

e The matrix A of a linear system & = Az can be rectangular.

A saddle-node bifurcation can be non-catastrophic.

A second-order continuous-time system can have only two equilibria both stable.

e The Neimark-Sacker bifurcation can occur in first-order discrete-time systems.

The Hopf bifurcation only occurs in second-order systems.

A Hopf bifurcation can be non-catastrophic.

An asymptotically stable equilibrium can also be unstable.

There are no systems without attractors.

A system with a single equilibrium can undergo a pitchfork bifurcation.

In fourth-order systems there cannot be saddle cycles.



Problem 4 - 5 points

In a second-order continuous-time system, the null-clines intersect as in figure.

Knowing the vector & (tangent to the trajectory) at point P (see the figure), say whether the equilibrium F is of focus, node,

or saddle type. Justify your answer within the provided space.

Solution

Equilibrium F is of 1‘0&)5 ............ type
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Problem 5 - 3 points

Describe, in at most 5 liens, a system (different from those discussed in class) characterized by cyclic behavior.

Solution

A neon lcuwf neav o Jmea,lié_awm I'S nght'ﬁ.



Problem 6 - 2 points

With reference to continuous-time systems (& = f(z)) and to equilibria bifurcation, say whether the eigenvalue that is critical

at the bifurcation is imaginary, positive, negative, null, or unitary.

Solution (with no justification. Just write imaginary, positive, negative, null, or unitary)

transcritical: /\M/d
saddle-node: Y\.U\/L(
pitchfork: '\M/u-

Hopf: A (7!/{ n wr7



Problem 7 - 8 points

Given the system

T —3z1 + 29

ty = —ai+m

answer the following points, justifying your answers within the provided spaces:

1. Does the system have equilibria different from the origin of the state space?

N

. Is the origin a stable node, an unstable node, a stable focus, an unstable focus, or a saddle?

3. Are there cycles in the system?

S

. Sketch the state portrait locally to the origin.
5. Draw the null-clines globally in the state plane.

6. Sketch the full state portrait of the system (A rather qualitative answer is acceptable).

Solution

1. Does the system have equilibria different from the origin of the state space? \va}

Justification:
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2. Is the origin a stable node, an unstable node, a stable focus, an unstable focus, or a saddle? Y a& 1 (,Q_,

Justification:
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3. Are there cycles in the system? NO

Justification:

I = =344 = -2 les nob chawge sipn i He shabe planc

4. Sketch the state portrait locally to the origin.

Justification:
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5. Draw the null-clines globally in the state plane.

Justification:

6. Sketch the full state portrait of the system (A rather qualitative answer is acceptable) Vs

Justification:




Problem 8 - 1 point

Suggestion: Solve this (nontrivial) problem only if time is left after solving Problems 1-7.

Given the second-order system

B = fi(z,ze)

i)z = —I3

where function f; is unspecified, define three expressions for f; such that the state portrait of the system is that of figure

(a), (b), (c), respectively.
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Solution (answer in the provided spaces)

(@) filzr, @)= ¢
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(b) fa(z1,22) = — X4
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